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An aerodynamic model necessary for a state equation of an aeroelastic system is proposed. The system is
assumed to be a lifting surface in incompressible flow. The model consists of a nonmemory component and a
memory component. The former is directly expressed by generalized coordinates. The latter is approximately
expressed by using augmented system which is strictly proper and of finite dimension. The augmented system is
constructed from Marcov parameters which are derived from an appropriate numerical computation of un-
steady aerodynamics. A simple example is given to illustrate the approximation properties of the model. The
characteristics of the model are: 1) no complex parameters are necessary to determine the model, 2) system
stability of the model is easily guaranteed, and 3) accuracy of the model is good in both the high- and low-
frequency regions.

Nomenclature
= coefficient matrices of the nonmemory
component in unsteady aerodynamics

= aerodynamic matrix in the frequency
domain

= reference semichord [length]
= pressure difference between upper and lower
surfaces of the wing, dimensionless with
respect to YipV2

-- impulse response of nondimensional
pressure difference produced by the third-
order derivative of they'th mode input

= generalized force, dimensionless with respect
to V2PV2b2

-- triplet of an augmented system
= column vectors in matrices GT and H
-- identity matrix of RNx N

= reduced frequency, ub/ V
- nondimensional natural frequency of the /th

mode, cOfb/V
= sequence of discrete time steps
= number of generalized coordinates
= generalized mass of the /th mode
= order of an augmented system
= degree of approximation
= generalized coordinate
= sets of real vector and matrix
= Hankel matrices defined by Eq. (18)
= time, dimensionless with respect to b/ V
- freestream velocity [length/time]
= downwash distribution on the wing,

dimensionless with respect to V
= space coordinates fixed to the nominal

condition of a wing, dimensionless with
respect to b

- elastic deformation of a wing along Z axis,
dimensionless with respect to b

= /th mode shape, dimensionless with respect
tob
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z ( t ) = augmented state
7 = intensity of a vortex, dimensionless with

respect to bV
\ = characteristic root of an augmented system
l*(xty) =mass distribution of a wing, dimensionless

with respect to (reference mass)/&2

v — mass ratio, Yipb3/(reference mass)
p — air density [mass/length3 ]
<t>° ( t ) = impulse response of the /th generalized force

due to 'cjj
$ ( t ) = weighting pattern function of the memory

component in unsteady aerodynamics,
*,y(0 = *°(0

A(f)(x,y,t) = potential discontinuity on the xy plane,
dimensionless with respect to bV

03 = circular frequency [radian/time]
031 = natural frequency of the /th vibrational

mode [radian/time]
( )T = transpose of the matrix
( ) ~ 7 = inverse of the matrix
diag { • • • • • ) = diagonal matrix
( ' ) , . ( ) ' =d( )/dt,d( ) / d t , respectively
( ) = complex amplitude
( ~ ) = Fourier transform

All quantities are dimensionless except as indicated by
brackets.

Introduction

RECENT developments of automatic control technology
have had a great effect on aircraft design. Various

control systems, called active controls technology (ACT),
have been proposed to improve aircraft performance. Among
them, a flutter control systems is considered to be promising,
because flutter can be well damped by modifying
aerodynamic forces with appropriate actuation of properly
located control surfaces.

There are two distinct approaches in the analysis and
synthesis of aeroelastic control systems such as the flutter
suppression system: i.e., a frequency domain approach and a
state equation approach. Although the state equation ap-
proach can be considered to be more useful than the fre-
quency domain approach in the design of control system,1"4

it needs finite dimensionalization for the aerodynamics as well
as the structural dynamics. In the case of structural dynamics,
an expansion method with natural vibrational modes has been
established, but regarding the aerodynamics various tech-
niques have only been suggested.
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Vepa5 originally investigated this problem and suggested a
Fade" approximant which is a single input and single output
rational transfer function fitted to each element of an
aerodynamic matrix that is a frequency response of the
aerodynamic system. Edwards1'6 introduced a generalized
unsteady aerodynamic theory for aerodynamic system
modeling and suggested a rational model. Since unsteady
aerodynamics of a lifting surface are not analytically ob-
tainable, and general numerical calculations are based on
simple harmonic analysis,7'8 most of the subsequent ap-
proximate models are fitted on frequency responses.9'10

The model transfer function, however, often becomes
nonanalytic in the right half of the s plane. This means that
the open loop aerodynamic system of the model is unstable,
although the physical aerodynamic system is stable by itself.
The main reasons why the model erroneously becomes un-
stable are considered to be as follows: 1) the curve fit is highly
weighted in the low-frequency region, 2) the simultaneous
approximation of nonmemory component and memory
component coefficients, and 3) numerical errors in the given
aerodynamic data.

To avoid this difficulty, attempts are typically made in
which the characteristic roots of the model intuitively are
chosen in advance and the remaining coefficients are
determined to fit the model to the given frequency response
data.11 With this method, not only the frequency points and
weighting parameters but also characteristic roots of the
model depend on the designer's choice.

A model construction method which overcomes these
defects to some extent is proposed in this paper. At first, the
dynamics of the total aeroelastic system are exactly described
by a differential-integral equation, i.e., time domain analysis
is utilized so as to interpret the aerodynamic system, which
has to be approximately included in the state equation of the
aeroelastic system. As a result, it is noticed that the unsteady
aerodynamic forces can be separated into two components—a
nonmemory component and a memory component. Since the
nonmemory component is expressed directly by generalized
coordinates and their derivatives, it does not introduce any
difficulty in construction of the state equation. On the other
hand, as the memory component is described by a convolution
integral of generalized coordinates, it must be approximated
by using some appropriate finite dimensional system, which
could be called an "augmented system." It is proposed here
that the augmented system could be constructed by partial
realization of Marcov parameters of the exact aerodynamic
system. The degree of the partial realization is the only
variable which the designer must choose in advance. In order
to compare this aerodynamic model with preceding models, it
is interpreted in the frequency domain.

A simple numerical example is given to illustrate this ap-
proach. Marcov parameters necessary for the modeling are
obtained from discrete-time responses calculated by a vortex
lattice method. Accuracy of the model is evaluated in the
frequency domain. The frequency responses of the model are
compared with those obtained by numerical computations of
simple harmonic analysis at discrete frequency points. The
difference is small and the system stability of the model is also
guaranteed.

Equation of Motion and Unsteady Aerodynamics
Dynamic motion of a flexible structure excited by some

external forces is generally approximated by linear ordinary
differential equations of finite number. The linearization is
introduced by supposing that deviation from a nominal
condition is small. The finite dimensionalization is carried out
by assuming that the deviation can be approximated with
modes of finite number. It is known empirically that the
expansion with a number of characteristic modes is sufficient
to simulate aeroelastic phenomena such as aircraft flutter.

For simplicity in this paper, a flexible wing as shown in Fig.
1 is considered. Coordinate axes are fixed on the nominal

A z

Fig. 1 Lifting surface in incompressible flow.

condition of the flexible wing moving with constant speed V.
Small deviation along the Z axis, Za(x,y,t), is expanded by m
modes.

Za(x,y,t)= (1)

where Za.(x,y) and qt(t) are the /th mode shape and a
corresponding generalized coordinate, respectively. In this
paper all quantities are nondimensional except as indicated in
Nomenclature. Suppose Za.(x,y) are characteristic modes; the
lifting surface can then be expressed by the following
decoupled dynamic equation of motion.

+mik2
iqi(t)=vfi(t) for" i=l,...,m (2)

Time t is dimensionless with respect to reference time bl V\
therefore, the time derivative has a relation ( )
= (b/V)d( )/dt* where t* is a dimensional time. mi is a
generalized mass which is defined with nondimensional mass
distribution of the wing n(x,y).

*/= f f p(x,y)Z2
a.(x,y)dxdy

J J wing '
(3)

where jjwingdxd.y is the integral over the region of the wing.
fi(t) is a generalized aerodynamic force acting on the /th
mode, which can be defined by the pressure difference
distribution.

= f f
J Jw

&Cp(x,y,t)Za.(x,y)dxdy
y '

(4)

There are two types of aerodynamic forces, i.e., the ex-
ternal aerodynamic force produced by gusts and the self-
excited aerodynamic force induced by the deviation and
motion of the wing itself. Since the former does not have an
effect on the system stability and damping, only the latter
aerodynamic force is investigated. Furthermore, the flowfield
is assumed to be incompressible.

The aerodynamic force is linearized by assuming that the
deviation of the wing is small, as in the case of structural
dynamics modeling. The relation between downwash w and
pressure distribution of a lifting surface ACp is expressed as
follows:

1 r°° r f•>y>t) = -—\ *
07T JO J Jwin; j——n\2^3/2 (5)

where w is dimensionless with respect to freestream velocity V
and the symbol \\\ means that the integral is defined in the
finite part sense.
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From Eq. (1), downwash distribution is written as

= f) qt(t)+Z (6)

In order to construct a state equation of the total aeroelastic
system, the generalized aerodynamic forces must be expressed
explicitly by the generalized coordinates. The explicit form of
the aerodynamic forces can be formulated by considering an
impulse response of pressure distribution produced by an
input of the third-order derivative of each generalized
coordinate <?}(0; that is,

=0; t<0, =t2/2\ t>0 (7)

The response of pressure distribution with this input is
defined as ACp.(x,y,t). The specific input (7) is given so that
the response ACp.(x,y,t) can be a finite value excluding the
points where the downwash distribution is not continuous.

The pressure distribution produced by an arbitrary motion
of the yth mode, ACp.(x,y,t), is written by the following
convolution integral.

AC p(x,y,f)=\' &C°p.(x,y,t-T)qj(T)dT
J J — oo J

The equation can be transformed by partial integration.

(8)

+ AC" (x,y, 0+)qj(t)+\ AC0'" (x,y,t-T)qj(r) dr (9)
J J — oo J

where ( ) and ( )' denote d( )/dt and d( ) / d t , respec-
tively.

The impulse response of the /th generalized aerodynamic
force due to q'j(t) is defined as $°-(0> namely,

*C;.(x,y,t)Za.(x,y)4xdy
H

(10)

The /th generalized aerodynamic force produced by an
arbitrary motion of theyth generalized coordinate, ftj(t), can
be introduced in the same way as the pressure response.

/(/(') =A2^j(n + Aluqj(t) +A0..qj(t)

(11)

where

A =

AC; (x,y,0)Z (x,y)dxdy

= AC!.' (x,y,0+ ) Za. (x,y) dxdy
J J wing J '

A0 =*J (0+)= &c;"(x,y,0+)Za.(x,y)dxdy
IJ J .) wine J '

ing J
,y,t)Z (x,y)dxdy (12)

'

Because of system linearity, the generalized aerodynamic
forces are expressed by the superposition of the generalized

aerodynamic forces produced by each mode input, and are
written in matrix and vector form as follows,

f ( t ) =A2q(t) +Ajq(t) +A0q(t) (13)

where vectors f,q£Rm consist of the generalized forces and the
generalized coordinates, respectively. The elements of
matrices A2,Aj,A0,3>tRmxm are defined by Eq. (12). -vA2is
known as a virtual mass matrix. Since the steady aerodynamic
forces corresponding to each mode are finite, an integral of
$(/)> i.e., f^°$(0d/is also finite value.

The combination of the equations of motion on structural
dynamics (2) and the explicit form of the unsteady
aerodynamic forces (13) produces an equation of the total
aeroelastic system. Such a differential-integral equation is,
however, too complicated to use in practice. The nonmemory
component, which consists of the first three terms of Eq. (13),
is directly expressed by the generalized coordinates and their
derivatives. The memory component, the last term in Eq.
(13), is a convolution integral with respect to generalized
coordinates of the past time value. The nonmemory com-
ponent does not introduce any difficulty for state equation
construction of the aeroelastic system. On the other hand, the
memory component must be approximated by outputs of a
strictly proper system of finite dimension, inputs of which are
generalized coordinates. The problem of how to construct the
augmented system that approximates the memory component
in aerodynamic forces, namely finite dimensionalization of
unsteady aerodynamics, is discussed in the next section.

Approximate Model of the Aerodynamic System
The general form of an TV dimensional, strictly proper

system is expressed by the following state equation:

z(t)=Fz(t)+Gq(t) fmmo(t)=Hz(t) (14)

z£RN is a state. In this case the input is the generalized
coordinate q£RN and the output is the memory component in
aerodynamic forces fmemo£RN. Constant matrices FtRNxN,
G£RNxm, HtRmxN are called a triplet of the system. If the
memory component is approximated by the augmented
system (14), the total aerodynamic force of this approximate
model/model is described by

/model (t) =A2q(t) +A,q(t) +A0q(t) +Hz(t)

z ( t ) = F z ( t ) - (15)

It is a characteristic of this model that the nonmemory
component of the aerodynamic force is expressed exactly and
the memory component is approximated by the output of the
finite dimensional system. If the triplet of the augmented
system (F,G,H) is appropriately given, the state equation that
approximates the dynamics of the total aeroelastic system can
be readily obtained by combining Eqs. (2) and (15). In this
state equation, the state consists of q, q, and augmented state
z.

If the augmented system (14) is exponentially stable, i.e., all
characteristic roots are in the left half of the s plane, the input
and output relation can be written by the following con-
volution integral.12

/memo(0= /fexp [F( t- r) ] Gq(r)dr (16)

//exp [Ft] G is a weighting pattern function of the augmented
system. System order N and parameters in the triplet (F,G,H)
can be arranged to approximate $(0, which is the true
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weighting pattern function of the memory component in
aerodynamic system.

A simple but reliable method is proposed for the problem
of determining the augmented system. The model is con-
structed by utilizing the consistency of the Maclaurin series of
weighting pattern functions of the model and the exact
aerodynamic system to some order. Coefficients in the
Maclaurin series are called Marcov parameters. The con-
ditions are written as follows:

(17)

where the integer p (>1) is an arbitrarily given design
parameter which indicates the degree of approximation.
Solving Eq. (17), i.e., the minimal partial realization problem,
has been discussed in Refs. 13 and 14. Since a model that
satisfies the given Marcov parameters can not be determined
uniquely in some cases, a general engineering solution to this
problem has not yet been established. However, if the
following assumption can be guaranteed, a finite state model
is easily obtained.

Hankel matrices S0, Sj£RmPxmp, which consist of Marcov
parameters, are defined as

problem mathematically, it is generally satisfied in aero-
dynamic force modeling of a lifting surf ace 4

The interpretation of the model in the frequency domain,
which may be more general in aerodynamic force modeling, is
conducted to make the characteristics of the model clearer.
The relation between the input and output complex amplitude
of the aerodynamic system is expressed by the so called
aerodynamic matrix A(k).

f=A(k)q (21)

where ( ) denotes the complex amplitude and k is a reduced
frequency of the system.

Since the aerodynamic system is expressed by Eq. (13) in the
time domain, its frequency response is described by,

A ( k ) = -k2A2+(jk)A]

<£(£ )= f $(t)e-Jktdt
j o (22)

This aerodynamic matrix can be expanded with asymptotic
series using the weighting pattern function $(/).

S0 =
$(0+)

S,=

(18)

Assumption: The Hankel matrix S0 is nonsingular and thus
has an inverse matrix.

If the above assumption is satisfied, the weighting pattern
function of the augmented system is uniquely determined
from conditions (17) and the triplet of the system (F,G,H) is
given as

... + (jk) (0+ ) + (jk)

f $(2p+i)(t)e-Jktdi\ (23)

A2,A1,A0 and Marcov parameters of the memory com-
ponent, which have been defined in the time domain [Eqs.
(12) and (17)], are coefficients of asymptotic series in the
frequency response. From Eq. (15) a frequency response of
the approximate model, ^4modei is

^modei (k) = -k2A2 + UWAj+Ao + HUkln-F) ~!G (24)

It is also expressed by the following asymptotic series,

^modei (k) = ~k2A2 + (jk)Aj + A0 + (jk) -IHG

+ (jk) ~2HFG... + (jk) ~2PHF2P-!G + (jk) -*P-I

F)-'G} (25)

where EtRmxmP is defined as

H=EmS0 (19) Comparing Eqs. (23) and (25), it is noted that the difference
between the exact aerodynamic system and the model is
caused by the last terms in each equation. Therefore in the
region of large k, the response of the model is consistent with

(20) the exact response to the (- 2/?)th order of jk.

The input and output relation of a system is consistent
under the similarity transformation,14 i.e., the system
(T-1FT,T-1G,HT} gives the same input and output relation
as that of the system (F,G,H), where T is an arbitrary non-
singular matrix, the triplet defined by Eq. (19) is one
realization of the augmented system, and hence formulations
are possible which give other sets of triplet of the equivalent
system.

It can be confirmed that the system triplet (F,G,H) defined
by Eq. (19) satisfies condition (17) and that the system is
controllable and observable. Controllability and observability
are the necessary and sufficient conditions for system minimal
realization. Although the assumption certainly narrows the

A Model with a Consistency Condition
in Static Aerodynamics

Considering the requirement that the model must have
sufficient accuracy in the low-frequency region from the
practical standpoint, the condition of consistency in steady
aerodynamics can be taken into account as follows. From Eq.

$As an exception, the rank of Hankel matrix S0 may possibly be
reduced in a limited case where a high aspect ratio wing has a very
similar bending and torsion mode shape in the spanwise direction,
changing so slowly that a strip theory is applicable. Even in this case,
however, the augmented system can be obtained with a slightly
modified numerical algorithm.



FEBRUARY 1983 FINITE STATE AERODYNAMIC MODEL FOR LIFTING SURFACE 167

(13) a steady aerodynamic force/st produced by a constant
input qst is

(26)

and a steady aerodynamic force of the model is written as

(27)

The following static aerodynamic force condition is added
at the beginning of the consistency conditions of the Marcov
parameters (17),

HF~1G=-

The last condition in Eq. (17),

(28)

(29)

is deleted to maintain the number of conditions. The
algorithm of model construction can be modified easily by
shifting Marcov parameters and replacing //with HF~l.

The characteristics of this approximate model are also
interpreted in the frequency domain such that the frequency
response of the model is consistent with the exact response at
the point k = Q, and the asymptotic series of the two systems
are equal to the (- 2p + l)th order of jk.

This model is expected to give better accuracy in the low-
frequency region. However, since the characteristic of the
weighting pattern function of unsteady aerodynamics, i.e.,
that the memory does not fade away exponentially, affects the
model, it is possible that system stability might be badly
affected.

Example
In this section, a simple example is taken to illustrate the

model construction method and properties of accuracy of the
model. The flexible lifting surface considered here is a wind
tunnel model of a cantilever wing, the planform of which is
rectangular and has an aspect ratio equal to 6, as shown in
Fig. 1.

Three flexible modes are chosen as follows.
Bending mode
Zai (x,y) = 0.5(coshy* - cos>>*) - 0.367(sinhy* - siny*)

y* = 0.3125y

Torsion mode

Control mode

Za3(x,y) = - (x-0.2); 0.2<x<l, (30)

Aerodynamic data ^2^/,^
that are necessary for the model can be calculated by two
possible ways. One way is to estimate the asymptotic series of
frequency response from the aerodynamic matrices of high
frequencies; the other is to estimate the Maclaurin series of
time response produced by appropriately defined inputs (7).
Since the major concern of frequency response of unsteady
aerodynamics in aeroelasticity is in the low-frequency region,
an adequate numerical program which yields results in the
high-frequency region that are accurate enough to estimate
the asymptotic series has not been developed. On the con-
trary, the time response calculation can be accomplished
easily with a numerical simulation of the flowfield by an
adequate method such as a vortex lattice method; and if the
discretized length of timewise direction is sufficiently small,

Table 1 Aerodynamic data of the example

-0.74286E + 01
-0.20842E + 00

0.10160E + 01

-0.55555E + 01
-0.41962E + 01

0.18078E + 00

-0.86901E + 00
-0.69798E + 00

0.28893E-01

0.65358E + 00
0.50293E + 00

-0.21774E-01

-0.70003E + 00
-0.52393E + 00

0.23203E-01

0.97379E + 00
0.71930E + 00

-0.31955E-01

-0.14811E +01
-0.10893E + 01

0.48126E-01

-0.86900E + 00
-0.69798E + 00

0.28893E-01

-0.20842E + 00
-0.22143E + 01
-0.49494E + 00

0.16371E + 02
-0.30736E + 01
-0.25377E + 01

0.88658E + 01
0.70444E + 01

-0.29097E + 00

0.87952E + 00
0.74862E + 00

-0.29136E-01

-0.44508E + 00
-0.37229E + 00

0.14920E-01

0.25165E + 00
0.21119E + 00

-0.86842E-02

-0.83440E-01
-0.79793E-01

0.33785E-02

-0.23712E + 01
-0.20505E + 01

0.78044E-01

0.10160E + 01
-0.49494E + 00
-0.39502E + 00

0.63809E + 01
-023197E + 01
-0.19390E + 01

0.62557E + 01
-0.55901E-01
-0.73215E + 00

0.40480E+-QO
0.32532E + 00

-0.13476E-01

-0.22520E + 00
-0.17429E + 00
0.75653E-02

0.13034E + 00
0.99712E-01

-0.44426E-02

-0.28217E-01
-0.25275E-01
0.10846E-02

-0.99294E + 00
-0.83180E + 00
0.32791E-01
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time derivatives of the response can be estimated with ac-
curacy. Since the time response necessary for the model
construction is that of short time from the beginning of
motion, the wake region to be considered is small. This
property simplifies the vortex method. Therefore,
aerodynamic data have been estimated from the time response
by the vortex lattice method, which is briefly described in the
Appendix. The accuracy of the method has been evaluated
with an aerodynamic system in two-dimensional flow,15

where aerodynamic forces are analytically obtainable.
Aerodynamic data of the example are shown in Table 1.

Construction of the models with and without a static con-
dition is carried out by the method previously mentioned. In
each case, two models that are different in degrees of ap-
proximation are obtained, i.e., p=l and p-2. Since three
modes are considered, orders of the augmented systems are
third order and sixth order. The system triplet (F,G,//) of
each model is listed in Table 2. Diagonalization has been
carried out with similarity transformation in order to make
the system characteristics clear. The triplet (F,G,H) of the
diagonalized augmented system are defined as follows:

GT=

F=diagi\j,\2,...,\N}

2,...,gN], H= [h,,h2,...,hN] (31)

where X, is a scalar and git h{ are column vectors of m
dimension.

The third-order model with a static condition shown in
Table 2c has a pole in the right half of the s plane, i.e., it has
an unstable mode. The consistency condition of steady
aerodynamic forces generally introduces reduction in system
damping. Furthermore in this case a lack of model order
makes it unstable. Since an unstable model can not be
adopted, the remaining three models will be discussed.

The accuracy of these models can be evaluated with
frequency responses. As there are both three inputs and
outputs nine elements of the aerodynamic matrix must be
considered, but only typical elements are shown here due to
space limitations. Frequency responses of the models and
simple harmonic analysis are compared in Figs. 2-6.

Figure 2 is a Bode plot of bending-bending response, which
means a generalized force of the bending mode caused by its
motion. Responses of the three augmented state models and
the nonmemory component of aerodynamic force, denoted by
the "0th-order" model, are shown. In order to evaluate errors
caused by finite dimensionalization by the models, responses
derived by simple harmonic analysis are plotted, which are
denoted "vortex method." They are calculated with the
vortex lattice method by assuming simple harmonic motion
and integrating wake vortices of sufficiently large length.
Since the spacewise discretization with vortices - in the
calculation is equivalent to that of time response, which was
adopted for the Marcov parameter calculation, only the
approximation with finite state models is responsible for the
resulting difference. Since the amplitude ratio varies widely in
this frequency range, it is plotted in decibels. In the region of
A:>1, the difference between the response of models, in-
cluding the Oth order, and the simple harmonic results are
remarkably reduced with the increase of frequency k. As
shown in the figure, there is no noticeable difference in the
high-frequency region. This characteristic is quite natural
because of the conditions given for the model construction.
Augmented state models are better than the Oth-order model
in the low-frequency region. Among augmented state models,
the sixth order models are better than the third-order model.

Figure 3 is a comparison of memory components through
which accuracy properties of models can be directly observed.
It shows responses of the augmented systems in each model
and simple harmonic results that are obtained by extracting
the nonmemory component from the previous "vortex
method" results. The amplitude ratio is plotted on a linear
scale in this and subsequent figures.

Figures 4-6 are Bode plots of other typical elements of the
aerodynamic matrix. Since the accuracy of these models in the
high-frequency region is unquestionable, in fact the error
rapidly decreases in the region /:>!, accuracy properties in
the low-frequency region are shown in the figures. The sixth-
order models with and without a static condition have high
accuracy, although the model with a static condition is slightly
better than the' model without a static condition in the region
of £<0.1. The third-order model also has reasonable ac-

Table 2a System triplet of the third-order model
without a static condition

Table 2c

R e [ X 7 ]
-0.6602

Re[g7]
0.3699
0.5895
0.2656

Re [A; ]
0.7895
0.5985

-0.0264

I m [ X 7 ]
0.1209

0.02773
0.3072
0.06922

Im[ /z 7 ]
0

-0.1333
- 0.000508

-4.449

0.08726
- 0.06439
-0.01832

0.7963
0.6044

- 0.02603

-0.5269

System triplet of the third-order model
with a static condition

-0.7400 0.5842

Si
-0.3904
-1.014
-0.3889

- 0.7026
-0.7112
0.02277

82
0.3731
0.4875
0.2616

0.8729
0.4870

-0.02982

83
0.06905

-0.3338
-0.1248

0.7758
0.6305

-0.02548

Table 2b System triplet of the sixth-order model without a static condition

*/
-0.3110

81
0.1714
0.8273
0.2922

^
0.7565
0.6535

-0.02488

Re[X 2]
-0.9559

Re[£2]
0.2679
0.1711
0.1246

Re[/*2]
0.8086
0.5877

- 0.02725

Im[X 2 ]
0.02395

I m [ g 2 ]
0.5443
1.239
0.01848

I m [ h 2 ]
0

-0.00959
-0.000014

\4
-3.003

S4
-0.09355

0.03520
0.001402

h4
-0.8061
-0.5912

0.02577

*5
-2.043

85
0.03492
0.00064

-0.02052

*5
0.8190
0.5732

-0.02695

^
-4.540

§6
-0.01647

0.006035
0.000235

*6
0.8076
0.5891

-0.02595
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Table 2d System triplet of the sixth-order model with a static condition

*/
-0.8737

Si
-0.5300
-0.4845
-0.2970

hi
-0.8048
-0.5929

0.02711

X2
-0.2407

82
0.08998
0.5795
0.2267

h2
0.7559
0.6542

-0.02479

^
-0.5979

S3
0.03260
0.1077
0.01431

*3
0.5904
0.8069

-0.01862

\
-1.718

S4
-0.07842
-0.02913

0.01014

h4-0.7636
-0.6452

0.0252

Re[X 5 ]
-2.659

Re[g5l
0.04757

-0.02045
-0.003759

Re[/z5]
0.8397
0.5408

- 0.02747

I m [ X 5 ]
0.5007

Im[g5]
-0.01887

0.01663
0.000192

lm[H5]
0.
0.04046
0.000503

60

40
r
' 20

L 0

-20

-40

"Si
0)
^

,--90

-180

——————— 6th order
with a static condition

——— -——— 6th order

—— --——— 3rd order

—————— - Oth order

O Vortex method

0.01

Fig. 2 Bode plot of generalized force of bending mode due to
bending mode motion.

with a static condition

——— -——— 6th order

—— --—— 3rd order

Oth order

O Vortex method

-30
0.01

Fig. 4 Bode plot of generalized force of bending mode due to torsion
mode motion.

-90
0.01

Fig. 3 Bode plot of memory component in generalized force of
bending mode due to bending mode motion.

o-
.̂ 7.

60

30

Vr-

-30
0.01

——————— 6th order
with a static condition

——— -——— 6th order

———-——— 3rd order

—— _——— Oth order

° Vortex method

0.1

Fig. 5 Bode plot of generalized force of bending mode due to control
mode motion.

curacy. The 0th-order model, the nonmemory component of
aerodynamic force, gives poor accuracy in the low-frequency
region in phase plots of some matrix elements.

The augmented state model proposed here has greater
accuracy in the high-frequency region as its order increases.

This example, however, shows that approximation im-
provement by increasing the order has sufficient effects on the
accuracy in the low-frequency region.

The ninth-order model is also stable and has better accuracy
than the sixth-order models, although the result is not shown
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10.

. -10

——————— 6th order
with a static condition

—-•——— 6th order

—— --—— 3rd order

—---—- Oth order

O Vortex method

0.01 0.1

Fig. 6 Bode plot of generalized force of torsion mode due to torsion
mode motion.

in this paper. It can be considered that an increase of degree in
the approximation does not diminish system stability. It is a
characteristic of this model that the error of time response is
highly weighted in the vicinity of t = 0; in other words, the
error of frequency response is highly weighted in the high-
frequency region.

Concluding Remarks
The paper has proposed a method for constructing a finite

state model that simulates an unsteady aerodynamic system of
a lifting surface in incompressible flow. Generalized
aerodynamic forces produced by an arbitrary motion are
expressed explicitly by generalized coordinates in the time
domain. The formulation introduces the separation of
aerodynamic forces into two components, i.e., the non-
memory and memory components. In order to formulate a
state equation of the total aeroelastic system, only the latter
component must be approximately made to be of finite
dimension by using an augmented system. The augmented
system is proposed to be generated from Marcov parameters
of the aerodynamic system. In the frequency domain, the
asymptotic series of the model response is consistent with that
of the aerodynamic system of some order.

The numerical example shows good properties in ap-
proximation and system stability. The stability of the model is
easily guaranteed, because 1) the augmented system is con-
structed only from the memory component of unsteady
aerodynamics, the stability of which is guaranteed by nature,
and 2) the model error is highly weighted in the high-
frequency region. Through the construction of the model, the
designer has to arrange only one parameter, which determines
the degree of approximation. Since there is no need for
weighting parameters and data points of frequency, which are
necessary in ordinary least square methods, the model can be
obtained directly. Frequency response errors caused by finite
dimensionalization are evaluated by the numerical example. It
shows that accuracy of the models is good not only in the
high-frequency region but also in the low-frequency region.
This means that the aerodynamic system involves a great deal
of information in the high-frequency region, and that the
model constructed from Marcov parameters can be useful for
analysis and synthesis of aeroelastic control systems.

Appendix
A vortex method which has been adopted for the numerical

calculation of the unsteady aerodynamic data is briefly
shown. This Appendix is limited to the calculation for the

Fig. Al Vortex lattice sheet on the wing and wake.

example in the text. More detailed discussions have been given
inRefs. 15 and 16.

Figure Al shows a vortex sheet that expands on a lifting
surface and its wake. It is assumed, for simplicity, that each
element has the same shape. The discretized time interval At is
defined to be equal to the chordwise length of each element
Ax, i.e., At is chosen to be the length of time that the flow
takes to move Ax. All quantities are dimensionless. As shown
in Fig. Al, at a time ?At after the motion begins, the wake
region is expanded downstream to the length (f- 1) Ax, where
an integer f denotes the sequence of discrete time steps. Closed
vortices of rectangular form which encircle each element are
distributed on the wing and wake. The intensity of each vortex
is defined as yiCtis, where the double subscript ic,is denotes
chordwise and spanwise order, respectively. Each vortex
generates a potential discontinuity A<t>(xtytt)9 which has a
value equal to yic>is only in its own element and is constant
over the element. The pressure difference between the upper
and lower surfaces of the wing ACp(x,y,t) is expressed by a
substantial derivative of the potential discontinuity, namely,

,y,t) = -2(d&<l>(x,y,t)/dx+dA<l>(x,y,t)/dt} (Al)

The discretized pressure distribution can be defined as,

(A2)

Since the time derivative is introduced from the difference
between the fth and (f - l)th time values and the x derivative is
introduced from the difference between the /cth and the
(ic- l)th element values, the pressure distribution defined by
Eq. (A2) can be considered to represent the pressure value of
leading edge of the /cth element at the time (£- Vi)At. Since
there is no pressure difference in the wake region, yktis(?At) is
equal to yic-I>is ((?- 1)A/). This means that the intensity of the
vortex in the wake region is preserved and only its location is
changed downstream with the flow.

The discrete-time response of vortices on the wing is
determined by the boundary conditions of downwash
distribution. When the response due to the yth generalized
coordinate input is under consideration, the downwash
distribution is given from Eqs. (6) and (7)

=Za.(x,y) (?At)+dZaj(x,y)/dx(?At)2/2 (A3)

where (x,y) is a colocation point on the wing region.
The downwash distribution produced by a rectangular form

vortex is analytically obtainable with the Biot-Savart law.
Because of linearity, the downwash at a certain point on the
xy plane is obtained by superposing contributions of all
vortices. If the boundary condition is considered to be
satisfied at the geometric center of each element, it is ex-
pressed with matrices and vectors as follows:

(A4)
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where vectors 7wing and 7wake consist of all vortices yicjs on the
wing and on the wake, respectively, and a vector w consists of
all down wash on the wing w / c /5. ^4wing and ^4wake are ap-
propriately defined influence-coefficient matrices. The
constant square matrix A wing is nonsingular. Since the vortices
on the wake 7wake at the time fAr are directly expressed by
vortices at the time (f- ^A/1, the boundary condition (A4) is
more suitably rewritten as follows:

7 w i n g(fAO=^- ' (A5)

From the above equation, the responses of vortices on the
wing are sequentially obtainable, and the pressure distribution
can be calculated from Eq. (A2). Summing up the pressure
distribution with appropriate weightings corresponding to
each mode shape Za.(x,y), the /th generalized force response
of discrete time steps T°((f- !/2)A?) can be obtained.

The response function of generalized force, *J(0 and its
higher order derivatives at / = 0, i.e., *°(0), <f>°(0 + ),
*,y(0 + ),..., *,y(^+2)(0 + ) can be estimated from the discrete-
time response by using ordinary numerical differentiation.

Since it is necessary in the numerical computation to store
the values of vortices on the wake and to calculate their effects
on the wing downwash, this method can be considered to be
more suitable for the short time response from the beginning
of motion.

Static Aerodynamic Force
Steady-state pressure distribution can be calculated by

considering that the vortices of each element are time in-
variant. The wake region is infinitely extended downstream.
However, since intensities of the vortices on the wake are
constant in the stream direction, they can be summed to be
horseshoe vortices which originate from the trailing edge
elements. The boundary condition for the steady vortices on
the wing 7wing;St is written as

= wK (A6)

where vectors 7wing)St and wst consist of vortices yiCtis and
downwash distribution w/c/5, respectively. The influence
matrix Asi, which can be analytically defined, is nonsingular.
When the response of unit input of the yth generalized
coordinate is considered, the downwash distribution is
defined as

(A7)

where the coordinate (x,y) is the geometric center of the (ic,is)
element. From Eq. (A6), vortex distributions can be
calculated. The pressure distribution and the generalized force
can be obtained in the same way as the time response
calculation.
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